This article introduces definitions for a number of new event shapes and jet-rates in hadron-hadron dijet production. They are designed so as to be measurable in practice at the Tevatron and the LHC, and to be global so that they can be resummed with currently available techniques. We explain how to vary their sensitivity to beam fragmentation, limiting its impact for purely perturbative studies, or deliberately enhancing it so as to focus on non-perturbative effects. Explicit nextto-leading logarithmic resummed results are presented, as obtained with caesar.
Introduction
Event shapes measure geometrical properties of the energy flow in QCD final states. Their conceptual simplicity combined with a remarkable sensitivity to a range of features of QCD radiation, has led to their being among the most extensively studied QCD observables, both theoretically and experimentally. This is especially the case in e + e − and DIS collisions, where seminal results include not just a plethora of measurements of the strong coupling [1] , but also tests of the colour structure of QCD [2] , detailed validation of Monte Carlo event generators [3, 4, 5, 6] , and profound insights into the dynamics of hadronisation (for reviews see [7, 8] ). Some of these studies consider mean values of event shapes, usually compared to fixed order perturbation theory, but the most information is to be gained from eventshape distributions. The majority of data corresponds to events whose energy flow closely resembles that of the lowest order (Born) event, a region usually associated with a small value (V ) of the event shape. This is because large departures from the Born energy flow are caused by radiation of one or more hard gluons, each of which costs a power of α s . In contrast the dominant region, V ≪ 1, is characterised by the presence of multiple soft and collinear radiation and associated virtual corrections (Sudakov suppression), which leads to large perturbative terms (α s ln 2 V ) n that have to be resummed to all orders. Fixed-order and resummed calculations, both at nextto-leading (NL) accuracy, have been vital to the full exploitation of the vast amount of data in e + e − and DIS.
At hadron colliders, event shapes (and a related class of observables, jet-resolution threshold parameters) have so far received much less attention, there being for example at the Tevatron only few experimental measurements [9, 10] . Recently however a number of tools for investigating them beyond leading order (or leading logarithms) have started to be developed [11, 12, 13, 14, 15, 16, 17, 18, 19] . This opens up the possibility of using hadron-collider event shapes for a wide range of quantitative studies.
Compared to e + e − (and to some extent DIS) the hadron-collider experimental environment is more challenging, notably due to the presence of the underlying event (or equivalently beam fragmentation) and to the limited detector coverage in rapidity. Theoretically the situation is also more complex: while in e + e − at lowest order there is radiation from just two outgoing jets, in hadron collider dijet events for example, at lowest order there is radiation from two incoming and two outgoing jets, with dependence on incoming parton distributions as well as a rich structure of interference between emissions from the different jets [20, 21] .
The more challenging environment and richer structure, though sources of technical difficulties, provide many of the motivations for extending event-shape analyses to hadron colliders. Thus a study of hadron collider event shapes will not merely be a replication of what has been done in e + e − and DIS (for example with measurements of α s ) but will allow novel investigations of both perturbative and non-perturbative aspects of QCD.
Perturbatively, event-shape distributions are sensitive to the underlying jetproduction channel: an event pp → 2 jets with an underlying gg → gg partonic structure will typically have more radiation than→ qq, and this will be reflected in a distribution for that channel that is peaked at larger values of V .
Dijet events will also allow tests of new structures in perturbative QCD -Botts-Sterman colour evolution matrices [21] -that arise for the first time in events with four or more hard partons. In processes with three jets (for example), the combined colour charge of any pair of partons is uniquely determined, via colour conservation, by the colour charge of the third parton (triplet for a quark, octet for a gluon). This is important because the pair colour charge affects the pattern of large-angle soft radiation -the fact that it is unique means that one can ignore the evolution of colour associated with virtual corrections, allowing one to attribute a 'classical' probabilistic interpretation to the resummed virtual corrections. When there are four or more jets colour conservation is insufficient to uniquely fix the combined colour charge of any given pair of partons, and one needs therefore to account for the 'quantum' evolution of colour in the QCD amplitudes, and this is accomplished with the Botts-Sterman matrices. Some first investigations of their phenomenological consequences have been given in [22] in the context of rapidity gaps, however eventshapes should allow more extensive studies, as discussed later in the paper.
On the non-perturbative front it is worth recalling that one of the most important applications of e + e − and DIS event-shape studies in recent years has been for extracting information about hadronisation, notably through 'power-correction' studies. It has been suggested [23, 24] , using renormalon [7] inspired techniques, that leading hadronisation effects essentially act to shift event-shape distributions by an amount of order Λ QCD /Q, with Q a hard scale of the process. The coefficient of this correction is given by the product of two factors: one of which (denoted c V ) is calculable in perturbation theory and observable dependent, the other one (α 0 ) being fundamentally non-perturbative, but universal for a range of observables in various processes. More sophisticated treatments, that attempt to go beyond leading effects, via 'shape functions' have also been developed [24] . There have been extensive tests of these ideas for 2-jet (qq) events, with remarkable successes both in e + e − and DIS, as reviewed in [8] .
Many of the predictions from these renormalon-inspired techniques coincide with those from the simple Feynman-Field model of hadronisation. To truly validate them requires that one investigate also processes with gluon jets and with non-trivial geometries of the jets (as in multi-jet events). Some studies in e + e − and DIS are in progress, however multi-jet events there are rare (suppressed by powers of α s ). Hadron collider dijet events, in contrast, provide a natural environment for such tests, because of their inherent multi-jet structure and the large fraction of gluon jets.
The beam jets do introduce certain complications in these studies, since their hadronisation (the part that is usually called 'underlying event') is not expected to be fully described by renormalon-inspired methods. Observables specifically intended for studying beam fragmentation have been proposed in [25] and examined in [26] . Nevertheless, with the aid of a suitably complementary set of dijet event shapes, it should be possible to disentangle a number of features of the underlying event, in particular using approaches as discussed in [12] . In this respect it may also be helpful to consider event shapes in the somewhat simpler case of Drell-Yan (with and without a jet).
As in e + e − and DIS, both fixed-order and resummed perturbative predictions at NL accuracy are essential in order to fully carry out these studies. Usually they are combined together via some form of 'matching' procedure. Fixed-order predictions for arbitrary infrared collinear safe observables can be obtained with the aid of fixed-order partonic Monte Carlos [13, 14, 15] . Resummed predictions, being more intricately linked with the details of the observable, had, till now, traditionally been obtained analytically, by hand. This made it tedious to consider more than a handful of observables, especially when dealing with the additional complications of multi-jet topologies [12, 27, 28, 29, 30] . Recently however methods for automating resummations have been developed [18, 19, 31] which enables a much wider range of studies.
A current technical restriction with these automated resummations (as well as all fully NLL analytical multijet resummations carried out so far) is that they apply only to global event shapes [32] , i.e. observables that are sensitive to radiation in any direction, notably also close to the beam. 1 The only event shape distribution that has so far been measured at the Tevatron, a transverse thrust [10] , does not satisfy this property.
One of the main purposes of this article is therefore to introduce and resum a set of global event shapes and jet-threshold resolution parameters. These include observables defined directly in terms of all particles in the event. Such definitions might seem particularly unsuited to practical uses, given that experimental detectors have limited angular reach close to the beam. We shall, however, discuss the impact on comparisons to theory of the limited experimentally available rapidity range, arguing that this is not an unsurmountable obstacle.
We shall also introduce observables defined just in terms of particles in the central region of the detector, but for which one arranges an indirect sensitivity to the effects of all other remaining particles. Though these definitions eliminate the problems associated with limited detector reach, one should be aware that they are subject to certain extra theoretical (and potentially also experimental) problems.
Throughout our discussions we shall refer to resummed results as obtained with the Computer Automated Expert Semi-Analytical Resummer (caesar) [19] . We shall also consider observable-specific issues related to the sensitivity to the underlying event.
General considerations
In order to provide the background for the discussion of the various observables proposed later in this paper, it is helpful to first introduce some general concepts and notation.
We shall consider here event shapes, which for any number N of final-state particles, are defined in terms of some function V (q 1 , . . . , q N ) of the final-state fourmomenta q 1 , . . . , q N . These event shapes will provide a continuous measure of the extent to which a general event's energy-momentum flow differs from that of a lowest order (Born) event.
Typically one wishes to consider the event shape only for events that are sufficiently hard, requiring for example jets above some minimum transverse energy threshold E t,min . We will denote this kind of hardness selection cut by a function H(q 1 , . . . , q N ), equal to 1 for events that pass the cuts and 0 otherwise. One can then define the cross section for events that pass the cuts, 1) where dσ N /dΦ N is the differential cross section for producing N particles in some configuration Φ N . While individual N-particle cross sections are, of course, infraredcollinear (IRC) unsafe, the combined summed and integrated cross section is safe for any IRC safe function H. One also defines the partial integrated cross section Σ H (v) for events that pass the cut and for which additionally the event shape observable is smaller than some value v,
The differential normalised distribution for the event shape is then given by
Resummation
Resummations are relevant in the region of small v, where logarithmically enhanced contributions, (α s ln 2 v) n , are large at all orders, making fixed-order predictions unreliable. The fact that the event shape is small implicitly means that the events resemble the Born event. This allows one to write a factorisation formula in which the resummed prediction for a given scattering channel δ (for example→ qq,→ gg,. . . ) Σ H,δ (v) is expressed as the integral, over Born momentum configurations B, of the product of the differential Born cross section dσ δ /dB and the resummed probability f B,δ (v) that the event shape has a value smaller than v for that given Born configuration,
where we use the convention that p 3 and p 4 denote the momenta of the outgoing Born partons (while p 1 , p 2 are the incoming hard partons).
The resummed probability f B,δ (v) can often be written in an exponential form [33, 34] 
where Lg 1 (α s L) resums leading-logarithmic (LL) terms, α n s L n+1 , g 2 (α s L) resums next-to-leading logarithmic (NLL) terms, α n s L n , and so on. Current state-of-the-art is NLL resummation. The exact form of the LL and NLL functions depends on the observable under consideration.
One can characterise a given observable by its functional dependence on the momentum of a single soft emission, collinear to one of the hard ('Born') partons in the event. For all known event shapes, this can be written as
where {p} denotes the Born momenta (including recoil effects) and k is the soft collinear emission; k (ℓ) t and η (ℓ) denote respectively its transverse momentum and rapidity, as measured with respect to the Born parton ('leg') labelled ℓ; φ is the azimuthal angle of the emission with respect to the a suitably defined event plane (when relevant); and Q is the hard scale of the problem. For hadron-collider dijet events we will use the convention ℓ = 1, 2 for the incoming hard partons and ℓ = 3, 4 for the outgoing hard partons.
The values of the coefficients a ℓ , b ℓ and the form of the function g ℓ (φ) in eq. (2.6) are among the main characteristics of the observable that enter in the resummation formula eq. (2.5). For example the leading logarithmic function Lg 1 (α s L) depends only on the a ℓ and b ℓ values, as can be illustrated from its expansion
where C ℓ is the colour charge (C F or C A ) of hard parton ℓ. For the observables we consider here -of the continuously global [32, 35] variety -the a ℓ are all equal, a 1 = a 2 = . . . ≡ a (and the d ℓ are all non-zero). Because of the appearance of the hard-parton colour factors in eq. (2.7), the LL terms depend also on the underlying hard-scattering channel δ (e.g.→as opposed to gg → gg), though not on the particular momentum configuration B of the hard partons. The NLL terms are somewhat more complex. One can often separate them into two pieces,
The first term g 2s (α s L) depends just on the 'single-emission' parameters of eq. (2.6) (including d ℓ and g ℓ (φ)), and on the Born momenta B and the channel δ. It contains, among other contributions, the dependence on the Botts-Sterman colour evolution matrices that were mentioned in the introduction. The second term in eq. (2.8), F (R ′ ), is the only part of the NLL resummed formula that is affected by the observable's dependence on multiple emissions. It is a function of
Schematically, for R ′ ≪ 1 (L not too large, v moderately small) there is one soft and collinear emission in the event that is harder than all other emissions. This hardest emission gives the dominant contribution to the value of the observable 2 and only the single-emission properties of the observable are relevant, so
there are typically R ′ + 1 similarly hard gluons that dominate the structure of the event. If multiple emissions tend to increase the value of the event shape, then for a given value of the event shape, this must be compensated for by an extra suppression of emissions, i.e. F (R ′ ) < 1. Conversely if the effects of multiple emissions tend to cancel out, this is compensated by reducing the overall amount of suppression, F (R ′ ) > 1. The function F (R ′ ) often depends on the underlying scattering channel δ, but not on the hard momentum configuration. Throughout this paper, much of the discussion of the properties of observables will be framed in terms of the values of the a ℓ , b ℓ , d ℓ and the forms of g ℓ (φ) and F (R ′ ).
Experimental issues
Our understanding of the current Tevatron detectors [36, 37, 38, 39] is that typically they have good measurement capabilities in a central detector region, up to about 2.5-3.0 units of rapidity η, as well as a reasonable degree of measurement capability in the semi-forward region up to a rapidity of about 3.5, with much more limited capabilities up to a rapidity of about 4.5-5. The LHC detectors [40, 41] should provide good coverage up to about 5 units of rapidity.
A limit on the maximum reach in rapidity can be a source of problems because the most natural way of defining global observables is directly in terms of all particle momenta in the event. Introducing a cut on the maximum rapidity at which one measures particles potentially creates a mismatch between the 'ideal' theoretical definition and the measurement.
It was pointed out however, in [12] , that, for sufficiently large values of the maximum accessible rapidity, η max , the excluded kinematic region gives at most a small contribution to the observable, which for the discussion of a general observable, eq. (2.6), corresponds to an amount of order e −(a+b min )ηmax where b min = min{b 1 , b 2 }. Accordingly, as long as one is in a region where the observable's value is larger than this, equivalently
the resummed prediction should remain valid. One of the features of the resummed results that we shall therefore examine closely in the subsequent sections, is the typical values taken by the observable. As long as the cross section outside the region eq. (2.10) is small, the effect of the limited experimental rapidity reach should be negligible. As a reference value for the maximum attainable rapidity, to be used in eq. (2.10) when comparing with actual resummed results, we shall take η max = 3.5.
A point worth mentioning is that measurement of the contribution to an event shape from the forward region may be somewhat simpler than detailed jet studies in that region. This is because many event shapes' sensitivity to the forward region is simply in terms of the total transverse energy deposited there, so that it is not necessary to resolve the detailed η-φ structure of the energy deposition.
An alternative to defining global observables in terms of all momenta in the event, to be discussed in section 5, is to use particles only in some restricted central region C while introducing an indirect sensitivity to momenta outside that region through the addition of the total vector sum of transverse energy in C, or equivalently, the missing transverse energy. In such cases, the critical experimental issue will no longer be the rapidity reach of the detector, but rather the accuracy with which the missing transverse energy can be determined. If the missing transverse energy can be determined to within an error δE ⊥ , then the accessible region for studying the event shape will be roughly L a ln(E ⊥,jet /δE ⊥ ), where E ⊥,jet is the jet transverse energy.
Event selection cuts
The selection cuts that we propose for event-shape studies are as follows. Using some IRC safe jet-algorithm, one should first select events where the two jets with highest transverse energy (E ⊥,1 > E ⊥,2 > . . .) are both central, |η jets 1,2 | < η c , where the limit of the central region η c is taken to be of the order of about 0.5 to 1.
Restricting the jets to the central region is advantageous theoretically, because it eliminates large subleading corrections that are likely to be associated with forward jets. It should also be advantageous experimentally, insofar as the measurement of the event shape needs particularly fine resolution in rapidity and azimuth in the region containing the jets.
A cut should also be placed on the hardness of the jets. To avoid problems of perturbative convergence of σ H that arise with the use of symmetric E ⊥ cuts on the jets [42, 43] , one can for example place a cut on the transverse energy E ⊥,1 of the hardest jet,
At the (NLL) accuracy that we discuss in this paper, the details of the jet algorithm used to identify the two hardest jets, be it of cone [44] or cluster [45, 46] type, do not modify the predictions. This is a consequence of the continuous globalness of the observables and the fact that we consider just the soft and collinear limit for the observable. At higher logarithmic accuracy, there are reasons to believe that the partial integrated cross section Σ H (v) remains independent of the jet algorithm. However since the total selected cross section, σ H , does depend on the jet algorithm at NLO, so does the ratio eq. (2.3) at NNLL. In the region of finite v, Σ H (v) itself also depends on the jet algorithm.
In the plots shown throughout this paper, we take η c = 0.7, E ⊥,min = 50 GeV and place no limit of E ⊥,max . We assume a Tevatron run II regime, pp-collisions at the centre-of-mass energy √ s = 1.96TeV and use the CTEQ6M parton density set [47] , corresponding to α s (M Z ) = 0.118. We set the factorisation and renormalisation scales to be the sum of the transverse energies of the two most energetic jets. Future work [48] will include fixed-order matching and will explore a range of alternative scales and perform a systematic study of the dependence on these scales.
Directly global observables
We will first consider observables that are defined in terms of all emissions in the event. This direct sensitivity to all emission momenta is the origin of the name 'directly' global. There will be two groups of observables -those that can naturally be defined in terms of all emissions in the event, and those which would more naturally be defined in terms of emissions in some central region, to which we add an extra term that is sensitive to forward emissions. In this section we will consider the first class of observables, while the second kind will be discussed in section 4.
Transverse thrust (a detailed example)
We give here a detailed discussion of the 'transverse thrust' event shape. Since the issues that arise are quite similar for nearly all event shapes, the discussion for the other event shapes that we define afterwards will be somewhat briefer, restricted to highlighting important differences compared to the transverse thrust.
The most obvious extension of the various e + e − event shapes is to define a thrust T ⊥,g in the transverse plane,
where the sum runs over all particles q i in the final state, q ⊥i represents the two momentum components transverse to the beam 3 and n T is the transverse vector that maximises the projection. Variants of the transverse thrust based just on particles in a restricted central region have been measured in [10] and calculated at fixed order in [14] . Those variants are discontinuously global (a 1,2 = a 3,4 ), and so beyond the scope of the current automated resummation technology.
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1.000 1.000 sin 2 φ 1.042 −2 ln (2) 4 1.000 1.000 sin 2 φ 1.042 −2 ln(2) The transverse thrust as defined in eq. (3.1) has already been used as brief example of the capabilities of caesar in [18] , but here we discuss it more extensively. In the 2 + 2 jet limit it tends to T ⊥,g = 1. Accordingly the observable that one resums is τ ⊥,g ≡ 1 − T ⊥,g . Its dependence on soft and collinear emissions is given by eq. (2.6) with the parameters shown in table 1. The fact that b ℓ = 0 for the incoming legs ℓ = 1, 2 means that along the beam direction the observable is sensitive to the emitted transverse momentum uniformly at all rapidities. In contrast for the outgoing legs ℓ = 3, 4, we have b ℓ = 1, meaning that the effect of emissions close to the legs is suppressed. From eq. (2.7), one sees that this translates to smaller LL contributions from the outgoing jets than for the incoming jets.
The observable's dependence on the azimuthal angle φ of a single emission, g ℓ (φ), is shown in fig. 1 . For both incoming and outgoing legs, the observable is most sensitive to radiation perpendicular to the event plane, φ = π 2 , 3π 2 . The analytical form for g ℓ (φ) has been established by caesar only for the outgoing legs, it being given numerically for the incoming legs (though the analytical form is straightforward to derive by hand, should one wish to).
In order to get an understanding of the coefficients d ℓ , one needs to know the value of the hard scale Q in (2.6) . For the present analysis (and for all other analyses in this paper) we have chosen to set this scale to the partonic centre of mass energy of the hard collision √ŝ and have considered a hard configuration in which the scattering angle θ between the outgoing jets and the beam direction (in the hard-scattering centre of mass) satisfies cos θ = 0.2. A little arithmetic then reveals that d 1,2 = 1/ sin θ and d 3,4 = 1/ sin 2 θ. Table 1 also includes the result for ln g ℓ (φ) = dφ 2π ln g ℓ (φ). This is of interest insofar as it is actually the combination lnd ℓ ≡ ln d ℓ + ln g ℓ (φ) that appears in the resummation formulae, rather than d ℓ or g ℓ (φ) separately.
In order to complete the information needed for the resummation, caesar evaluates also the function F (R ′ ) that appears in eq. (2.8). The transverse thrust (strictly, τ ⊥,g ) has the property of additivity, meaning that in the presence of many emissions, the value of the observable is simply the sum of the values that the observable would take for each emission individually. For observables with this property, F (R ′ ) is known analytically,
.
This completes the information needed so as to make resummed predictions for the transverse thrust. The resulting differential cross sections for different partonic scattering channels are shown in figure 2 , where q denotes a generic fermion (quark or antiquark) and qg → qg indicates any process with incoming fermion and gluon. They have been obtained by integrating over all hard events that satisfy the cuts discussed in section 2.3. The d ℓ are redetermined for each hard configuration, since they depend on the kinematics of the event. While in table 1 the arbitrary reference hard scale was taken to be √ŝ , hereon, for the purposes of calculating differential cross sections we choose Q, as well as the renormalisation and factorisation scales, to be the sum of the two hardest jet transverse energies, which is closer to the virtuality of the exchanged parton in the hard scattering. Since the distributions are purely resummed, without the inclusion of the exact fixed-order contribution (matching, left to future work [48] ), they are reliable only at small values of τ ⊥,g . For τ ⊥,g ∼ 1, the differential cross sections are negative, this being a reflection of a breakdown of the resummation approach in that region. At small τ ⊥,g the differential cross sections of fig. 2 have somewhat different shapes for the various hard-scattering channels (δ). This is a consequence of the different colour factors multiplying the LL terms in eq. (2.7), the LL contribution being larger for channels with more hard gluons -such channels tend to radiate more, so the distribution is peaked at larger values of τ ⊥,g .
Combining the different hard-scattering channels, one obtains the full resummed distribution, fig. 3 . In section 2.2 we discussed the consequences of limited experimental rapidity coverage for comparisons between (fully global) theory and (partially global) data. The main result was that the resummation remains valid, in the range limited by eq. (2.10), which here translates to L η max . A subtlety arises in the translation between τ ⊥,g and the value of L: as discussed in appendix A, in eq. (2.5) we resum not ln 1/τ ⊥,g but actually ln 1/(Xτ ⊥,g ), where X is chosen so as to cancel the average value of d ℓ g ℓ (φ). For the hard events satisfying the cuts in section 2.3 this corresponds to X ≃ 5. This is a convention, adopted from e + e − [49] and DIS [35] , intended to minimise spurious subleading logarithms associated with the potentially arbitrary normalisation of one's observable. 4 Since for the discussion of section 2.2, it is L ≡ ln 1/(Xτ ⊥,g ) that determines the maximum value of rapidity that is relevant in the resummation, eq. (2.10) should be rewritten
Readers familiar also with [18] may have noticed that the cross sections shown in fig. 1 (there) and fig. 2 (here) differ considerably in normalisation, even though they apply to the same observable. This is because in [18] we used different cuts (η c = 1.0 rather than 0.7), but also because there we used X = 1 and Q = √ŝ , both choices being associated, for this observable, with large subleading logarithms.
Assuming η max ≃ 3.5, one obtains the limit ln τ ⊥,g −5, suggesting that the distribution is nearly entirely in a region where the limited experimental rapidity reach should be unimportant. If however one goes to higher energies, such as E ⊥,1 > 200 GeV as shown in fig. 3 , channels with smaller colour factors start to dominate (e.g.→ qq), because one samples the parton distributions at higher x; this together with the smaller value of α s leads to the τ ⊥,g distribution being dominated by lower values of the observable.
A final point regarding τ ⊥,g concerns its sensitivity to the underlying event. To parametrise this sensitivity it is useful, as was done in [12] , to take a simple model [25] in which particles from the underlying event have a spectrum dn (u.e.) /dk ⊥ dη that is independent of η and of the underlying hard scattering process. Since τ ⊥,g is additive, and sensitive along the incoming legs to k ⊥ g 1,2 (φ) (see tab. 1), it receives a mean contribution from the underlying event
is the mean transverse momentum per unit rapidity coming from the underlying event. The unspecified contribution of O (1) reflects the fact that for this qualitative discussion, we have not taken into account the details of the observable's sensitivity to emissions close to the outgoing jets. Though the result is for the mean effect of the underlying event, expectations based on other studies of non-perturbative effects [50] suggest that the distribution of τ ⊥,g will simply be shifted by δ (u.e.) τ ⊥,g . Because of the proportionality to η max , the effect will be large, making τ ⊥,g a good observable for testing models of the underlying event. For example the effects of the underlying event could depend on the underlying hard scattering channel, 5 and it might then be possible, from the event-shape distribution, to establish whether or not this is the case.
Thrust minor
Given the transverse thrust axis n T , one can define a directly global thrust minor, 6
5)
where the x direction is defined as that perpendicular to the beam and to the global transverse thrust axis, which together define the event plane. The thrust minor can be viewed as a measure of the out-of-plane momentum, and is quite similar to the observable resummed analytically in [12] for Drell-Yan plus jet production. One can also normalise the thrust leg ℓ a ℓ b ℓ g ℓ (φ) d ℓ 1 1.000 0.000 | sin(φ)| 2.041 2 1.000 0.000 | sin(φ)| 2.041 3
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1.000 0.000 | sin(φ)| 2.041 minor to E ⊥,1 + E ⊥,2 . This will not modify the resummation, but it will affect the distribution at values of T m,g of order 1. (Such a change cannot be made for the T ⊥,g , because it would destroy the positive definiteness of τ ⊥,g = 1 − T ⊥,g ). Figure 5 : The distribution of T m,g in various hard-scattering channels.
The main difference between the thrust minor and the transverse thrust concerns the properties of the outgoing legs, which for T m,g have b ℓ = 0 (table 2). Referring to eq. (2.7), one sees that this implies larger double logarithms than for τ ⊥,g . Additionally, the dependence on multiple emissions is more complex, T m,g not having the simple property of additivity, so it is necessary to calculate F (R ′ ) numerically. The result, shown in fig. 4 , is similar (though not identical) for all hard-scattering channels, and uniformly below 1, which is indicative of the fact that multiple emissions increase the value of the observable relative to a single emission. We also note that the function F does not depend on the Born momenta B, as can be verified numerically.
The larger double logarithms (b 3,4 = 0) and the larger coefficient d ℓ (together with the larger average value of g ℓ (φ)) all contribute to T m,g having a distribution that is dominated by considerably larger values of the observable than was the case for τ ⊥,g . As a result the peak of the distribution is actually at only moderately small values of T m,g , where fixed-order corrections (matching) may have a significant effect on the distribution.
The rescaling factor, X, in the resummation here (of ln 1/(XT m,g )) is X = 1. As a result the limited detector reach translates to a limit of applicability of the resummation ln T m,g −η max . The only channel that extends at all below our reference value of η max ≃ 3.5 is→ qq, which however, at these energies does not contribute significantly to the total distribution.
Finally we observe that the linearity of the definition of T m,g implies that it should have a sensitivity to the underlying event that is qualitatively quite similar to that of τ ⊥,g , eqs. (3.4).
Three-jet resolution threshold
Clustering jet algorithms, such as the k t -algorithm [45, 46, 52] , involve a successive set of pairwise particle recombinations, so as to group particles into jets. These algorithms often involve a jet-resolution parameter, which determines the point at which to stop the pairwise recombination. The smaller the parameter, the larger the number of separate jets that gets resolved.
One of the most widely studied observables in e + e − is the jet resolution threshold, y 23 , above which the event is classified as having two jets, and below which it has three (or more) jets. Though an analogous threshold has been defined for going from 2 + 2 to 2 + 3 jet events with the longitudinally invariant k t -algorithm in hadron-hadron collisions [45] , it has received somewhat less attention. Resummed calculations [11] (to lower accuracy than is given here) and measurements [53] have been carried out only for the related problem of subjets within a single jet.
Jet threshold resolutions and jet rates are closely related since the integrated cross section Σ H (y) for y 23 is equivalent to the cross section for having a two-jet event, given a jet resolution of y.
We will consider here just one variant of the k t -algorithm (the exclusive form of that adopted for run II of the Tevatron [44] ). Reference implementations of this and other schemes are available in [54] . 1. One defines, for all n final-state (pseudo)particles still in the event,
and for each pair of final state particles
2. One determines the minimum over k and l of the d kl and the d kB and calls it d (n) . If the smallest value is d iB then particle q i is included in the beam and eliminated from the final state particles. If the smallest value is d ij then particles q i and q j are recombined into a pseudoparticle (jet). A number of recombination procedures exist. We adopt the E-scheme, in which the particle four-momenta are simply added together,
3. The procedure is repeated until only 3 pseudoparticles are left in the final state. The observable we resum is then
where E ⊥ is defined by further clustering the event until only two jets remain and taking E ⊥ as the sum of the two jet transverse energies,
The reason for considering max n≥3 {d (n) } in eq. (3.9), instead of simply d (3) , is that the recombination procedure is not necessarily monotonic in the d (n) [45] , so that n > m does not automatically imply d (n) < d (m) .
From legs, the effect of single emissions scales as the squared transverse momentum, without any rapidity or azimuthal dependence -in this respect the observable is similar to y 23 in e + e − . An interesting theoretical feature of the hadronic y 23 concerns F , fig. 6 . In contrast to the transverse thrust and thrust minor cases, F (R ′ ) has a strong dependence on the scattering channel. It seems that along the outgoing legs, multiple subjets can combine together before being combined with the main hard jet -this means that multiple emissions along an outgoing leg lead to a larger y 23 than a single emission, causing F to be smaller than 1, as in e + e − [31] . For incoming legs instead, subjets tend not to recombine together so that the value of y 23 is determined exclusively by the hardest subjet. This type of situation leads to F (R ′ ) = 1. The actual value for F then depends on the relative importance (colour factors) of the incoming and outgoing jets. Figure 7 shows the distribution of y 23 for different hard subprocesses. It extends to considerably smaller values than, say, T m,g , the reason being that, from the point of view of LL contributions y 23 ∼ T 2 m,g . This suggests that the distribution of 1 2 ln y 23 should be comparable to that of ln T m,g . One sees that to some extent this is the case, though the y 23 distribution is somewhat wider than would be expected based on this argument. This is a consequence of the larger suppression that T m,g receives from its F (R ′ ) (note that at a given value of y 23 ∼ T 2 m,g , the definition of R ′ is such that R ′ y 23 = 1 2 R ′ Tm,g ). The fact that y 23 ∼ T 2 m,g is important also from the point of view of the impact of the limited experimental rapidity reach, since the range in which the cut can be ignored theoretically is ln y 23 −2η max . One sees that for η max = 3.5, this includes most of the distribution, except in the→channel, which extends a little beyond.
While perturbatively y 23 and T 2 m,g are similar, they should have very different sensitivities to non-perturbative physics. It is already known that in e + e − , k t -type jet algorithms are relatively insensitive to non-perturbative effects. The same should be true also of the hadronic y 23 -for example, the fact that along incoming legs it is the hardest subjet that dominates, means that unlike T m,g , y 23 does not 'collect' non-perturbative contributions from the whole range of |η| < η max , but rather just from a limited region around the hardest subjet.
Observables with exponentially suppressed forward terms
While the observables given above could be easily defined in a 'global' manner, other jet observables, such as jet masses or broadenings, are more naturally defined just in terms of a central region, or of the two leading jets. As a result they are usually not global, which prevents them from being resummed with current automated approaches such as caesar.
One solution to this problem is to explicitly add to them a term sensitive to emissions along the beam direction, so as to render them global. If we add just the q ⊥i , we will obtain observables whose incoming legs have rather similar properties to the transverse thrust or the thrust minor, in particular with regards to their sensitivity to the underlying event and to relevance of the experimental η max cutoff.
Instead we add a contribution, ∼ q ⊥i e −|η i | , with an exponential suppression in the forward direction. 7 This will usually lead to observables having b ℓ = a on the incoming legs, which doubles the range of L, eq. (2.10), in which the resummed predictions are insensitive to η max . Such observables will usually also have a reduced sensitivity to the underlying event, since the integral eq. (3.4a) will converge rapidly in η giving a result of order k (u.e.) ⊥ /(E ⊥,1 + E ⊥,2 ), without any η max enhancement. Before defining such observables, let us first discuss the central region, C, in which the 'main' event shape (for example the sum of jet masses) will be measured. Various options are possible, for example taking all particles in the two hardest jets; or taking all particles having |η i | < η c + δη, where η c specifies the region in which the two hardest jets should lie (section 2.3), while δη extends this region, so as to ensure that all selected jets are well contained within C. For implementation in caesar, we have used this second definition, with δη = 0.4, though it should be noted that since our final variables will be global, the NLL resummed results are actually independent of the precise definition of C. 8 Having established C, we then introduce the mean transverse-energy weighted rapidity, η C , of the central region,
and define the exponentially suppressed forward term,
such that it is invariant with respect to longitudinal boosts (modulo the dependence of C itself on boosts). We are now in a position to define some observables.
Transverse thrust, minor and jet resolution
Transverse thrust. Let us first define a thrust similar to that of section 3.1, but only in terms of the particles in C,
We then add the contribution EC with the dependence on the forward emission,
to obtain a global observable, 9 the resulting leg properties being shown in table 4. One sees that for the outgoing legs, they coincide with those of table 1 for τ ⊥,g , while for the incoming legs b ℓ = 1, as expected. Like τ ⊥,g , the observable is additive, so F is known analytically. We could at this point continue the leg ℓ a ℓ b ℓ g ℓ (φ) d ℓ 1 1.000 1.000 1 1.021 2 1.000 1.000 1 1.021 3
1.000 1.000 sin 2 φ 1.042 4
1.000 1.000 sin 2 φ 1.042 discussion for τ ⊥,E along lines similar to those for the observables given above. Since, however, one can imagine introducing quite a few further observables, we prefer from now on to concentrate on just a subset of them, so as to illustrate interesting new features. Accordingly we refer the reader to detailed web pages [57] for further information about τ ⊥,E , as well as analogous extensions of the thrust minor,
(because of kinematic recoil, it turns out that T m,C is global, and T m,E has b 1,2 = 0 and identical resummation properties to T m,C ); and the three-jet resolution threshold, with y 23,C defined by the algorithm of section 3.3 applied only to the final state particles in C (and the beam) and
Note that it is necessary to add E 2 C here (rather than EC), so as to ensure the continuous globalness of the observable, a 1 = a 2 = a 3 = a 4 .
Let us now concentrate in more detail on some observables that are more naturally defined without explicit reference to a central region.
Jet masses
Having determined a (central) transverse thrust axis n T,C as above, one can separate the central region C into an up part C U consisting of all particles in C with p ⊥ · n T,C > 0 and a down part C D , particles in C with p ⊥ · n T,C < 0. If C is taken to be made up of all particles in the two hardest jets, one can also define C U and C D as consisting of the two jets separately. Such an alternative definition should not change any of the NLL resummed predictions for the global variables, and may actually help to minimise subleading (NNLL) corrections. 10 One then defines, in analogy with e + e − [58] , the normalised squared invariant masses of the two regions 11
from which one can obtain a (non-global) central sum of masses and heavy-mass,
together with versions that include the addition of the exponentially-suppressed forward term,
The single-emission leg properties for leg ℓ a ℓ b ℓ g ℓ (φ) d ℓ 1 1.000 1.000 1 1.021 2 1.000 1.000 1 1.021 3
1.000 1.000 1 1.042 4
1.000 1.000 1 1.042 ρ S,E and ρ H,E are identical (even beyond the soft-collinear limit), and quite similar to those of τ ⊥,E except for the lack of azimuthal dependence on the outgoing legs. The sum of squared masses, ρ S,E , is an additive observable, so F (R ′ ) is given by eq. (3.2) , while for the heavy-mass it needs to be computed numerically (and decreases for increasing R ′ ). The resummed distribution for ρ H,E is shown, channel-by-channel in fig. 8 . Compared, say, to an observable like T m,g , the distributions extend to relatively low values, a consequence of the smaller LL terms (since b = a). However, as mentioned at the beginning of this section, the fact that b 1,2 = a = 1 means that the limit of applicability of the resummation, in the presence of an experimental rapidity cut, is given by ln ρ H,E −2η max . Thus all channels for the distribution are comfortably contained within this region.
Jet Broadenings
With the same division into up and down regions as for the jet masses, one can define jet broadenings. To do so in a boost-invariant manner, one first introduces rapidities and azimuthal angles of axes for the up and down regions,
and defines broadenings for the two regions,
from which one can obtain central total and wide-jet broadenings,
Adding the exponentially-suppressed forward terms gives global observables,
The single-emission properties of these leg ℓ a ℓ b ℓ g ℓ (φ) d ℓ 1 1.000 1.000 1 1.021 2 1.000 1.000 1 1.021 3
1.000 0.000 1 1.042 4
1.000 0.000 1 1.042 two observables are identical and are shown in table 6. In both cases F (R ′ ) needs to be calculated numerically, and it decreases with increasing R ′ (more strongly for B T,E ). The distribution for B W,E , separated into channels, is shown in fig. 9 . As expected from the different double logarithmic structure for the outgoing legs, the B W,E distributed is centred at larger values of the observable than ρ H,E . This can be seen clearly also from fig. 10 which shows both distributions, summed over channels for two different E ⊥,min cuts. Since a limited experimental rapidity translates into an allowed range of the observable's value ln v −2η max , we see that the distributions for both ρ H,E and B W,E are within the theoretically reliable region. The same statement applies to most of the other observables defined in this section.
Indirectly global observables
We call 'indirectly global' those observables that explicitly measure only a subset of the particles in an event, but are nevertheless indirectly sensitive to the remaining emissions, typically through recoil. Previously studied examples include certain DIS Breit-frame event shapes, such as the current-hemisphere broadening with respect to the photon axis [60] or one of the variants of the thrust, τ zQ [61] .
Indirectly global observables have the advantage that they can be defined purely in terms of particles in the central region C, while still remaining global. This eliminates potential problems associated with the limited experimental reach in rapidity.
To construct an indirectly global observable, one takes one of the 'central', nonglobal observables of the previous section, and then adds to it some second 'recoil' quantity, also defined only in terms of the momenta of C, but that is sensitive to the emissions outside C. An example of such a 'recoil' quantity is the 2-dimensional vector sum of the transverse momenta in C,
(with Q ⊥,C defined in eq. (4.1)) which, by conservation of momentum, is equal to (minus) the vector sum of the transverse momenta outside C. Thus we obtain a whole series of 'indirectly global' event shapes, whose definitions are similar to those of section 4, but with EC replaced by R ⊥,C :
Experimentally, we envisage that the main difficulty that will arise specifically for this class of observables is the accurate determination of R ⊥,C , since it involves a cancellation between hard momenta. The extent to which this 'missing transverse momentum' can be well measured will determine the extent to which it will be possible to study the region of low event-shape values.
The single-emission properties for two of these observables are illustrated in tables 7 and 8. As expected, the outgoing legs have identical properties to the global variants of the observables. The incoming legs have b ℓ = a, and a simple calculation 1.000 0.000 | sin(φ)| 2.041 Table 7 : Leg properties for τ ⊥,R . The F (R ′ ) functions for τ ⊥,R and T m,R are shown in figures 11 and 12. For small values of R ′ , F (R ′ ) is below 1, as for the observables discussed in the previous sections. However for sufficiently large R ′ , F (R ′ ) starts to increase and it has a divergence at some finite value of R ′ = R ′ c . Such divergences are actually a wellunderstood phenomenon [60, 62] , characteristic of observables for which contributions from multiple emissions can cancel. Schematically, they occur because for sufficiently large R ′ it becomes more favourable to suppress the value of the observable via cancellations between emissions than by Sudakov suppression, and the resulting change in parametric behaviour of Σ H (v) cannot be represented as a subleading correction to a Sudakov resummation.
For the observables being discussed here, the cancellation is in the vector sum of transverse momenta. This being a two-dimensional cancellation, the divergence is located at R ′ 1+2 = 2 [19, 60] , where R ′ 1+2 is the part of R ′ associated with the incoming legs. For cases where R ′ 1+2 = 1 2 R ′ , such as the gg → gg channel for T m,R then R ′ c = 4. For the gg →scattering channel, in which R ′ comes mostly from the incoming legs, the divergence is at lower R ′ . Furthermore for any given fixed channel, the divergence occurs earlier for the transverse thrust than for the minor, because the thrust has smaller LL terms, and accordingly a larger proportion of R ′ is associated with the incoming legs. The divergence is a structure that appears even more strongly at yet higher orders (NNLL, . . . ) and it could in principle be resummed. Technically speaking, one would have to carry out a b-space resummation [63] on the incoming legs, a 'normal' resummation for the outgoing legs, and include a non-global resummation [32] to deal with the dynamic discontinuous non-globalness [35] associated with the boundary of C. This is technically rather challenging and so far the only such resummation [60] , for a jet-broadening in DIS, neglected the non-global logarithms. The conclusion of that study (for a case in which R ′ c = 4) was that the further resummation had negligible practical impact except in a region where the distribution was already very strongly suppressed. We therefore follow the approach of [60] and consider the distributions for the observables without any additional resummation, figs. 13 and 14. The distributions are cut (somewhat arbitrarily) at the point where R ′ = 7/8R ′ c -one sees that this corresponds to different values of ln v, depending on the resummation channel. However for each channel most of the cross section is in the theoretically reliable region where the divergence can be ignored. We note that some problems do arise in the combination of channels with divergences at different points, notably from the point of view of establishing the region in which the sum over all channels is well estimated. The detailed discussion of this issue will be left to future work [48] .
We conclude this section by observing that there are reasons to believe that these observables, though global, should have a relatively limited sensitivity to the underlying event. This is because in the sum of perturbative and 'underlying-event' contributions to R ⊥,C , after integration over azimuthal angles, the leading piece of the underlying event component averages to zero, leaving only a subleading component. 12 
Conclusions
In this article we have defined and resummed a set of dijet event-shape observables and jet rates that are suitable for study at hadronic colliders, both from a theoretical and an experimental point of view. The principle issues that had to be reconciled were those of globalness, which greatly simplifies the resummed theoretical predictions, and of limited experimental reach in rapidity. At first sight these requirements seem contradictory, however we saw that it is possible to define several classes of observables which meet both criteria.
For a majority of the observables, the distribution is concentrated in a region where the limited experimental rapidity reach can be ignored in the resummed prediction. This is the case for nearly all the directly global observables of section 3 and those with exponentially suppressed forward terms, section 4, the latter having been specifically designed to be optimal in this respect. The observables of section 5, defined only in terms of particles in the central region, avoid the problem altogether, implementing globalness 'indirectly' via a recoil term (though this affects the validity of the resummation in a limited region of very small event-shape values).
The study of a range of observables, as presented here, would have been considerably more difficult without the help of the automated resummation tool, caesar. For brevity we omitted a range of further results [57] . Full phenomenological studies will necessitate also matching with fixed order calculations such as [13, 14, 15] , some relevant issues for 'practitioners' having been discussed in appendix B.
One of the main reasons for examining several classes of observable (and a number of observables within each class) is that they have quite complementary sensitivities to different physics issues, both perturbative and non-perturbative. Possible studies include measurements of α s , tests of novel perturbative QCD colour evolution structures that arise in events with 4-jet topology, and investigations into hadronisation effects and the properties of the underlying event. Overall, we believe that this represents a potentially far richer programme of investigations than has, for example, been carried out in e + e − or DIS processes. Pino Marchesini, Aurore Savoy-Navarro and Mike Seymour. We are grateful also the CERN and the IPPP, Durham for the use computing facilities. GPS would like to thank also the Fermilab theory group for hospitality while this article was being prepared.
A. Scale choices
As discussed in [35, 60, 68] , in a resummation at NLL accuracy there is an intrinsic ambiguity in the choice of the logarithm to be resummed, for instance instead of resumming This alternative choice for the logarithm affects the functional form of the singlelogarithmic terms, but not the overall answer at NLL. Changing X allows one then to estimate the size of a specific class of higher order (NNLL) corrections. In two-jet event shapes, the default value for X was chosen in a 'natural' way by requiring that the coefficient G 11 , the O (α s ) single logarithmic term, contained only terms due to hard collinear splitting. This corresponded to taking X = 1/d (usually d 1 = d 2 ≡ d in e + e − ) and ensured that one didn't introduce large spurious subleading logarithms whose coefficients involved powers of ln d, associated just with the overall (arbitrary) normalisation of the observable. The equivalent procedure more generally would be to define X so as to cancel the coefficient d ℓ g ℓ (φ) in eq. (2.6). The obvious difficulty though is that d ℓ g ℓ (φ) is not a constant -it depends on the hard leg ℓ and on the value of the azimuthal angle.
Inspecting the detailed resummation formulae, in particular eq. (3.6) of [19] , one sees that the problem of the azimuthal dependence can be eliminated, insofar as the resummed result depends only on lnd ℓ ≡ ln d ℓ + dφ 2π ln g ℓ (φ). Furthermore, for each leg (if all the b ℓ values are the same), the term involving lnd ℓ comes in with a weight proportional to the colour factor, C ℓ , of the leg. So for X to cancel the coefficient d ℓ g ℓ (φ) on average, it suffices to take
with n the number of hard legs. This choice means however that L is defined differently for different colour configurations, which while legitimate, may seem a little unnatural. In this study we therefore adopt a prescription for X, which is numerically almost indistinguishable from the choice in eq. (A.3), but does not have the unusual feature that the logarithm depends on the specific colour configuration,
For situations in which all legs have the same colour factor, it is equivalent to eq. (A.3).
B. Comparison to fixed order
A valuable cross-check on any resummed prediction is that its expansion to fixed order coincides with the logarithmically enhanced terms of exact fixed-order predictions. For e + e − → 2 jets and DIS 1 + 1 jet resummations, such checks have been carried out to NLO accuracy. The current status of the NLO codes suitable for NLO prediction of hadronic dijet event shapes is that NLOJET++ [13] is available publicly, while TRIRAD [15] can be requested from the authors. We have carried out comparisons with NLOJET++. 13 This turned out to be feasible at LO (for the α s L 2 and α s L terms of Σ H (v)/σ H ), while we encountered difficulties in obtaining a determination of the NLO contribution that was sufficiently accurate to enable a meaningful comparison with the expansion of the resummations. Nevertheless even the LO comparisons represent a non-trivial check of the resummations, in particular in view of the involved four-jet large-angle colour structure.
Fixed-order calculations are relevant not only as checks of the resummation, but more importantly for matching [34] , so as to obtain predictions that are valid for large as well as small values of the observable. The matching also gives a partial improvement in the accuracy at small values of the observable, supplementing, for instance, eq. (2.5) with a term known as C 1 , which depends on the momentum configuration and the channel, (B.1) where we have explicitly indicated the dependence of the g n (α s L) on the channel δ and (for n ≥ 2) on the momentum configuration B (elsewhere this dependence has been left implicit).
The improvement in accuracy comes, for example, because the product of C 1,B,δ and the first term in the expansion of Lg 1,δ (α s L) helps to fix the α n s L 2n−2 terms in the expansion of f B,δ (v), or equivalently, after summing over channels and integrating over Born configurations, in Σ H (v)/σ H . Currently however, fixed-order programs are at best able to provide a weighted sum of C 1,B,δ values across all channels
(B.2)
Since different channels have different colour factors appearing in Lg 1,δ (α s L), the averaging over channels for C 1,B,δ means that one cannot reconstruct the full information for the sum of products of C 1,B,δ and Lg 1,δ (α s L)
3)
The fact that the C 1,B,δ are characteristics of the soft and collinear limit, means that they can in principle be unambiguously extracted channel-by-channel [48] , enabling a proper average to be carried out. However the identification of the channel requires that one have information on the flavour of individual partons in the fixed-order calculation. Though such information is present in some form in existing fixed-order codes [13, 15] , it is not, as far as we understand, available through the external 'user' interfaces to those codes. The availability of a method to access this information more straightforwardly would be of considerable help for the matching.
